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Tolerance analysis is a difficult task and an optimum tolerance allocation for individual parts is done to reduce the 
process error. This paper articulates the effect of changes in the link lengths due to manufacturing tolerance variation on the 
target path, assembly cost and joint torques of an R-R-R (three revolute joints) configuration planar three link robot 
manipulator. Genetic Algorithm (GA) and Elitist Non-dominated Sorting Genetic Algorithm-II (NSGA-II) are utilized to 
find optimum link lengths for the three link planar manipulator to minimize the errors. The analyses are further extended to 
identify the effect due to the three types of tolerances (fine, medium and coarse tolerances) on link lengths using C program 
codes and the results obtained from evolutionary algorithms are compared. 
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Introduction 
Many researchers focused on the controller for 
planar manipulators (using various control 
techniques proportional-integral-derivative, evolutionary 
techniques, discretization techniques, time-optimal 
control, energy-based nonlinear controller, etc.
1
, inverse 
kinematics and optimal tolerance allocation thereby 
reducing manufacturing cost and quality loss.
2–4
 For 
dynamic analysis, Kane’s method is well-appropriate to 
derive equations of motion for a multiple rigid bodies 
system transforming under the effect of gravitational 
fields and this approach has the combined benefits of 
Newton-Euler and Lagrange methods.
5,6
 
Justification of study 
Evident from the literature about the dynamic 
analysis of a manipulator is that the positional error due 
to the tolerance variation has not taken into account, So, 
more effective torque calculation methodologies are 
required; the assembly cost consideration for three link 
robot and an intensive study to analyze the impact of 
types of tolerances (fine, medium and coarse tolerances) 
on accuracy are required. 
Significance of this paper 
This paper discusses the impact of tolerance on 
positional deviation, joint torque error, and assembly 
cost deviation using evolutionary techniques namely 
GA and NSGA-II to satisfy the above said factors. 
The significance of this study includes (i) Multi-
criteria function for a three-link manipulator 
considering the assembly cost and joint torque 
calculation using Kane’s method along with the 
tolerance variation. (ii) Positional error is calculated 
using the coordinate geometry method for the 
positions of tolerable link lengths at every 0.01 
second and the root mean square error. (iii) Each joint 
torque variations due to tolerance in the link lengths 
and (iv) Two evolutionary algorithms (GA and 
NSGA-II) are used to find the positional error and 
joint torque variations using a user-friendly general-
purpose code (C program). It can be used to get 
optimal solutions for any robot. 
Experimental Details 
Parameters of Three Link Planar Manipulator 
In general, the robot manipulator is used for a 
material handling system, welding process, assembly, 
etc. in an industry. An open chain linkage model with 
3-RRR control reflects a type of robot manipulator. A,
B, and C are the three links having lengths of l1, l2 and
l3 and the angles of links with their local axis are 1,
2, and 3. From the base hinge point (bottom end of
link A) the target position (endpoint of the link C) is








variations in the link lengths due to manufacturing 
variation in terms of tolerance. The table listed the 
link length, corresponding mass and manufacturing 
tolerance values (according to ISO 2768-2). 
Moreover, if the customer requested that all the three 
links are under the same tolerance type, the table lists 
the minimum and maximum link lengths for the 
concerned tolerance type and the possible number of 
combinations of link lengths between that ranges. The 
coarse type tolerance gives a large number of 
combinations when compare to the other two types. 
The moment of inertia I is calculated from 
        
  , where       is the mass of a link and r 
is the distance of mass centre from the link end. While 
considering tolerance, the mass of the actual link is 
                    (where i = 1, 2 & 3). The 
angular positions of individual lengths are limited to 
0° to 90° orientation from its connecting axis at the 
joints. Also, this three-link planar robot reaches its 
final position within 1 sec from 0° to 90°. The end 
effector’s trajectory defined by a quintic polynomial 
function. It is required to find the path which is closer 
to the standard link length’s target path. If the target 
path is taken as a reference, the deviation from that is 
an error. 
The total distance covered by the manipulator  
(0 to 90°) is divided into 101 steps for the time duration 
from 0 sec to 1 sec with an interval of 0.01 sec. For the 
lowermost tolerance values, the distance between the 
ideal link curve and the lowermost curve obtained at 0
th
 
sec. Similarly, for the uppermost tolerance values, the 
distance between the ideal link curve and the uppermost 
curve obtained. Hence, the variation between the two 
paths of ideal and tolerance based link lengths are found 
using Root Mean Square (RMS). 
 
Formulation of the Optimization Problem 
The main aim of this study is to minimize the 
positional error, articulated in terms of RMS error, 
with the consideration of kinematic and dynamic 
constraints on the three link planar manipulator. The 
objectives functions are the minimization of 
positional error of the end effector, joint torques and 
assembly cost of the three link manipulator. The 
mathematical form of the optimization problem can 
be stated as follows: 
 
Minimization of Positional Error 
The positional Root Mean Square (RMS) error is 
 
           
 
   
       
   … (1) 
Where, i = 0 to n (E0 is the positional error at 0°, E1 
is the positional error at 1°,…., E90 is at 90°) 
 
Minimization of Total Torque 
 




and T3 are the torque values of the 
joints 1, 2 & 3 
 
Minimization of Assembly Cost 





                                     
                                 ... (3) 
 
Where a = 16.51256 and b = −134.9252 
 
The kinematic constraints are 0°90° for position, 
04 for velocity and −10 10 for acceleration, 
9550  i
  for jerk (where i = 1, 2 & 3). Similarly, 
the dynamic constraints are 25T145, −15T220 & 
−2T35. 
 
Evolutionary Techniques  
Many researchers highlighted the benefits of 
evolutionary optimization techniques. These are 
having difficulty-free nature, i.e. they are the most fit 
for all types of problems. Many optimization methods 
are available for tolerance analysis and synthesis. 
Based on the literature, the two evolutionary 
algorithms namely Genetic Algorithm (GA) and 
Elitist Non-dominated Sorting Genetic Algorithm 
(NSGA-II) are proposed for this study. 
 
Genetic Algorithm (GA) 
GA is the best optimization method that replicates 
the ingrained behavioural patterns in a biological 
origin. Darwin’s theory of evolutionary stimulated the 
creation of GA. The power of GA is that it can 
distribute the problems efficiently without the 
conjecture of continuity, unimodality, or convexity of 
the underlying objective functions. 
 
Elitist Non-dominated Sorting Genetic Algorithm-II (NSGA-
II) 
Results of any multiple objective optimization 
problems are a group of points named as Pareto-
optimal set or non-dominated solutions, wherever 
every goal factor of anyone point beside a Pareto-
optimal front can barely be enhanced by debasing at 
least anyone of its remaining goal tasks. The Pareto-




optimal front is nothing but a curve that connects the 
complete Pareto-optimal group of points. A solution 
is believed to contain non-domination nature, when 
all the goal tasks of the solution cannot be enhanced 
at the same time. The NSGA-II based algorithm is 




Results and Discussion 
The three objective functions of this study are 
combined as a single objective and given input for the 
GA and NSGA-II evolutionary algorithms. Other 
inputs are the link length values, the algorithms’ 
parameters like the cross over probability, mutation 
probability, random seed, etc. are discussed in the 
following sections. 
 
GA Parameters Analysis 
For all three variables, the length of chromosome is 
10. All the input variables are in terms of binary and 
the sharing strategy is parameter space. Also, the 
sigma share value is 0.232 and the population size is 
100. The process considered a single-point crossover. 
The random parameters for cross over, mutation 
probability and random seed for the three types of 
tolerances have taken within their range. 
 
NSGA-II Parameter Analysis 
The number of constraints is totally 7 (position, 
velocity, acceleration and joint torque constraints). 
The population size and the number of generations are 
considered as 100. The limits on the real-coded 
variable are rigid and the remaining random 
parameters are within their ranges for the cross over, 
mutation probability, distribution index for real-coded 
cross over & mutation, and a random seed. 
When the input crank (Link A) rotates from 0°  
(0 rad) to 90° (1.5708 rad), within 1 sec, the velocity 
of links reaches to the maximum of 2.94525 m/s and 
the acceleration reaches 9.06873 m/s
2
. The Link A  
has the minimum and maximum torque values  
of −17.23873 Nm and 34.50647 Nm respectively. 
Further Link B has the minimum and maximum 
torque values of −10.16732 Nm and 14.96104 Nm 
respectively. Link C has the torque values of 
−0.238067 Nm and 2.37457 Nm as minimum and 
maximum respectively. Comparatively Link C 
requires maximum torque value to reach the end 
position within the specified time duration. 
Due to the consideration of very close tolerance, it 
is better to consider the error differences between 
standard and tolerance link lengths in positional and 
joint torque values. The GA based result gives 
minimum positional error compared to NSGA-II 
result. The results are obtained for all three types of 
tolerances. 
The joint torque error is difference between the 
actual torque values of links A, B and C and the 
torque value at ideal link lengths. GA based algorithm 
result gave minimum joint torque error value for Link 
A. But it gave maximum joint torque error values for 
Links B and C. So, if a manufacturer gives the 
importance to the input link (Link A), then it is better 
to consider GA algorithm. If the importance is given 
to the end effector (Link C), then consider the NSGA-
II algorithm. During the analysis, there is a sudden 
increase in the error difference at 0.48 sec. Because of 
the change in torque value from positive to negative, 
this sudden increase has happened. 
The Figs 1 and 2 show the comparison of GA and 
NSGA-II results for trajectory positional and total 
torque errors of links A, B and C for the three types of 
tolerance. Here the GA algorithm gave minimum 
error values when compared to NSGA-II algorithm. 
The assembly cost of GA based link lengths 
combination which is higher than that of NSGA-II 
 
 




Fig. 2 — Comparison of total torque errors 




based link lengths combination are shown in Fig. 3. 
The Tables 1–3 give the optimal solutions of link 
lengths from both GA and NSGA-II algorithms. They 
show that for all the types of tolerances, the optimal 
solutions are obtained only from the lower limits. It is 
suggested to the manufacturer that to make the links 
with lower limit values. The positive side tolerance 
values are not preferable to get minimum positional, 
joint torque errors and assembly cost. At the same 
time, GA based link length combinations are wider 
when compared to NSGA-II based link length 
combinations. 
Conclusions 
This study intends to produce the optimal link 
length values with minimum positional error, low 
joint torques and less assembly cost. In this paper, an 
optimization methodology is used to select optimal 
tolerance using two evolutionary algorithms such  
as GA and NSGA-II for the three link planar  
3RRR robot manipulator. The objective functions  
of positional error, joint torques and assembly cost  
are estimated using the kinematic and dynamic 
(dimensional, orientation, velocity, acceleration and 
jerk) constraints. The GA based optimal results gave 
minimum positional and joint torque errors when 
compared to NSGA-II. Due to this, the assembly cost 
is higher for GA based results. If the manufacturer 
focused only on assembly cost, then it is better to 
follow the NSGA-II based results. The GA based 
results are to be considered during manufacturing if it 
is required to reduce both positional and torque errors. 
 
Limitations and Future Scope 
This work considered only any one type of 
tolerance combinations for all the three links 
(example: fine-fine-fine). If the manufacturer is ready 
to make a mixed type of tolerance combinations for 
the three links like fine-medium-coarse, coarse-fine-
medium, etc. (27 possible tolerance combinations) 
based on the applications are there for further study. 
 
 
Fig. 3 — Comparison of assembly cost 
Table 1 — Link length, mass and manufacturing tolerance (according to DIN ISO2768-2) 
Link Link Length (m) 








A l1 = 0.5 mlink1 = 1.0 l1 =  0.0003  l1 =  0.0008 l1 =  0.002 
B l2 = 0.5 mlink2 = 1.0 l2 =  0.0003 l2 =  0.0008  l2 =  0.002 
C l3 = 0.3 mlink3 = 0.5 l3 =  0.0002  l3 =  0.0005  l3 =  0.0012 
 
Table 2 — Minimum and maximum link length 
Case Tolerance Type Length of Link A 
(m) 
Length of Link B 
(m) 




tions Link A Link B Link C Min Max Min Max Min Max 
1 Fine Fine Fine 0.4997 0.5003 0.4997 0.5003 0.2998 0.3002 245 
2 Medium Medium Medium 0.4992 0.5008 0.4992 0.5008 0.2995 0.3005 3179 
3 Coarse Coarse Coarse 0.4980 0.5020 0.4980 0.5020 0.2988 0.3012 42025 
 
Table 3 — Optimal solutions obtained from evolutionary algorithms 
Evolutionary 
Technique 
Optimum Link Lengths 
Fine Tolerance Combinations (m) 
Medium Tolerance Combinations 
(m) 
Coarse Tolerance Combinations 
(m) 
GA 
l1 = 0.49971; l2 = 0.4998; 
l3 = 0.29993 
l1 = 0.4995; l2 = 0.49939; 
l3 = 0.29955 
l1 = 0.49805; l2 = 0.49816; 
l3 = 0.29928 
NSGA-II 
l1 = 0.4997; l2 = 0.4997; 
l3 = 0.2998 
l1 = 0.4992; l2 = 0.4992; 
l3 = 0.2995 
l1 = 0.498; l2 = 0.498; 
l3 = 0.2988 




For this further study, the importance may be given to 
the base link (Link A) to operate the entire system or 
to the end effector (Link C) to handle the work piece. 
Based on the requirement, the manufacturer may 
consider the mixed type of tolerances for the linkages. 
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